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Adaptive Sliding Mode Control with Unknown Control Direction

C. Ton, S. S. Mehta, Z. Kan

Abstract—This paper considers an adaptive terminal sliding
mode control for systems with unknown control direction
and non-vanishing disturbance. As opposed to the previous
treatments of systems with unknown control direction and
exogenous disturbance, where the control gain is designed with
large magnitude to compensate for the worst case scenarios, this
work presents a control structure that adjusts the input gain to
the minimal value to maintain the sliding motion. The presented
control structure enables both the sliding surface and the state
to reach the equilibrium in finite time. Simulation results are
provided to show the efficacy of the developed control structure.

I. INTRODUCTION

Sliding mode control (SMC) has remained a popular control
technique over the past decades due to its robustness and
simplicity. Classical SMC has shown that the sliding surface has
finite time stability, but the states generally reach the equilibrium
exponentially [1]. Extending the finite time convergence prop-
erty in the sliding surface to the state variables, terminal sliding
mode control (TSMC) has been developed in [2]-[4]. One of
the setbacks of TSMC is the singularity on the sliding surface as
the state approaches the equilibrium. In [5], Wu et al. propose a
transformation of the system trajectory into a prescribed set that
avoids the singularity issue. In [6], Feng designs a nonsingular
terminal sliding surface that is singularity-free while retaining
finite convergence time property. Revisiting TSMS, Feng [3]
shows that the singularity issue can be overcome by introducing
the saturation function into the control law. Although TSMC
has faster convergence properties than classical SMC, the chal-
lenges of TSMC with gain adaptation for chattering attenuation
has to be addressed.

One of the disadvantages of SMC is the chattering phe-
nomenon due to the high frequency switching on the sliding
surface. In order to mitigate the chattering effect, supertwisting
[7] and gain adaptation algorithms [8] have been proposed.
Supertwisting is a continuous variable structure control method
that preserves the disturbance rejection property of SMC. This
control technique has been integrated with adaptive algorithm to
reduce the overestimation of gain requirement to further reduce
chattering [9]-[11]. In addition to continuous algorithms, dis-
continuous control input with gain adaption is also considered
to alleviate chattering [12]-[15]. In [12], [13], Plestan et al.
consider a gain adaptation based on the distance of the system
to the surface. In [14], [16], Bartolini e al. propose an adaption
algorithm that increases the gain until sliding mode occurs and
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decreases the gain until sliding mode is lost by checking at a
fixed number of sampling instances. To the best of the authors’
knowledge, minimal gain adaption algorithm for chattering
alleviation for systems with unknown control direction has not
been considered.

The challenges of unknown control direction is initially ad-
dressed by the Nussbaum gain [17]. This work hasbeen extended
to cascade systems [18] and incorporated with iterative methods
to compensate for the lack of knowledge in the sign direction
[19]. In addition to the Nussbaum gain, the monitoring function
isalsoused todetect the correctsignin the input matrix [20]. This
concept is implemented on output feedback system [21] and has
been verified experimentally [22]. Minimum seeking Lyapunov
function is another technique also used to handle systems with
sign uncertainty [23]. Robust control has also been modified
to cope with systems without apriori knowledge of the control
direction. In [24], Kaloust el al. develop an online algorithm
with Lyapunov functions to detect the sign changes in the input
matrix. In[25], [26], Bartolini et al. use a suboptimal algorithm,
which tests whether the magnitude of the sliding surface is
decreasing or increasing, to adapt to the sign uncertainty. In [27],
Drakunov overcomes the sign uncertainty by dividing the state
space into cells with alternating control values, which allows
the sliding motion to occur at a constant. This sliding motion
has a dynamic compensator that enables the state to reach the
equilibrium point.

The contribution of this paper is an adaptive terminal sliding
mode control structure that achieves finite time convergence
to the origin in the presence of time-varying unknown control
direction and nonvanishing disturbance. In contrast to the pre-
vious work in [27], where the control gain is based upon the
estimated upperbound of the disturbance, this work considers
an active adaption of the magnitude control input to a minimum
value that is sufficient to maintain the sliding motion. Unlike
asymptotic [18] or exponentially stability [27], the developed
control structure in this paper achieves finite time convergence
with terminal sliding surface in the presence of sign uncertainty
and exogenous disturbances. Simulation results are provided to
show the efficacy of the control structure.

II. BACKGROUND

The basic principle of unknown control direction can be
briefly summarized in the following Lemma [28].
Lemma 1: Let the first order system be defined as

T =f(t)+bu

where f(t) € Ris the disturbance, b € R is the unknown input
scalar, and the control input u(t) is designed as

. TS
u = Msgnsin —
€
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where ¢ € R isaconstant, M € R™ is a constant or a positive
function, the hypersurface 5(t) is defined as

§=s+ )\/sgn(s)dt (1)

with s(t) = z is defined as the sliding surface, and A € R*.
When the gain M is designed to satisfy the inequality |Mb| >
|f| + A, then the surface s(t) goes to zero in finite time.
Proof. Taking time derivative of the hypersurface §(t) yields

5= f(t) + bMsgnsin ? + Asgn(s) (2)

When the gain M is designed such that [Mb| > |f] + A, itis
obvious that the sign of bM sgn sin £ is dominant in (2). In the
neighborhoods of the point where

§=ke 3)
for k = 0,42, +4, .. ., the following is obtained:
sign [sin (8)] = sgn(s — ke)
and for k = +1, 43, . . ., the following is obtained:
sign [sin (8)] = —sgn(§ — ke)

Thus, sliding mode will occur on one of the manifolds in (3)
for any sign of bM. In fact, sliding mode occurs where 5 = ¢
after some moment of time, and ( € R is a constant. After
differentiating (1), the following equality is obtained

$ = —Asign(s) 4)

Thus (4) guarantees that the manifold s(x) = 0 is reached in
finite time. m

One of the challenges associated with designing a large gain
M in(2)istheoverestimation of the disturbance f (¢). When f (¢)
istime varying, the magnitude M canbe adaptively decreased as
close as possible to the magnitude of f(¢) to alleviate chattering.
Toachieve this objective, we present an adaptive terminal sliding
mode control structure that actively adjusts the magnitude of
control gain to match the magnitude of the unknown disturbance
in the presence of unknown control direction.

ITII. PROBLEM FORMULATION
Consider an uncertain system modeled as a double integrator

subjected to nonvanishing disturbance

.%"1 = T2

o = f(t) +b(t)u 4)
where © = [z1 22]T € R?is the state, b(t) € R is the unknown
time-varying input scalar, f(¢) € R is the nonvanishing
disturbance, and u(¢) € R is the control input.

Assumption 1: The input matrix b(t) and its derivative can be
lower and upper bounded almost everywhere as

b<pl<b b< | <

where b, b, é, 5 € R are positive constants.
Assumption 2: The frequency that b(¢) changes in sign is low.

Assumption 3: The nonvanishing disturbance f(¢) and f(t)
are bounded by known constants f, f,f €R*

F<It®I<F Ifw<i

The objective of this paper is to design an adaptive robust
control algorithm that guarantees finite time stability of the
system (5) in the presence of time-varying sign uncertainty in
the control input and nonvanishing disturbance.

IV. SLIDING SURFACE DESIGN

The terminal sliding surface is designed as
s = 29 + alz1 |/ 9sgn(zy) (6)

where @ € RT is a constant, p,q € R™ are integers that
satisfy the inequality .5 < p/q < 1. To compensate for the
sign uncertainty, the hyper sliding surface is designed as

= s+)\/0m1/m2(s) dr (7

where o is the saturation function, and m;,ms € R* are odd
integers that satisfy the inequality 0 < mq/my < 1. Denoting
os(t) = o(s), the function o can be bounded by a constant
|os| < o € RT. Taking the time derivative of the surface s(t)
and hypersurface §(¢) along (5) yields the following equalities

$=1T9+ a£|x1|p/q_1|x2
q
§ =5+ Aom/m2 (8)

Substituting the dynamics in (5) and the surface 5(t) into (8),
the open-loop system can be expressed as

§=bu+ ro™/m2 | a§|x1\1’/q4x2 )

We present two control structures. The first algorithm contains
no adaptation, and the magnitude of the control gain is designed
based on the maximum amplitude of the disturbance. The
second control algorithm is an adaptive algorithm, where the
magnitude of the control input adjusts itself to the magnitude of
the unmeasurable and nonvanishing disturbance, consequently,
reducing the required control input effort.

V. CONTROL DEVELOPMENT
A. Terminal Sliding Mode with Unknown Control Direction

Based on subsequent analysis, the first control algorithm
without gain adaptation is designed as

u=((k(t) +lon)b™" + A1) ¥ (10)
where the functions o, (t) is defined as

h@=a?mW“%20Mﬂ=ﬂMW

and k(t) € R > f is a positive function or constant, o () is the
saturation function with the upper and lower bound given as
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lon| < o, € RY, )‘Z*
W(t) is expressed as

U = sgn (sin 773)
€

Substituting the control input u(t) into (9) yields
§=MbU 4+ Xo™/™2 4 h4 f

< A1 € RT, and the switching surface

(1)

Itisobvious that sliding mode occurs in finite time when | M b| >
|h + f| + A, where the function M (¢) is given as

M = (k(t) + |on)) 2" + v

Once sliding mode occurs, §(t) approaches a constant and
s(t) — 0 in finite time, i.e.,

oo m1/ma
5= —Moy .

When s = 0Vt > ¢, > 0 and the motion of the state () is
restricted to the sliding surface, the time that z(¢) reaches the
origin can be calculated as [3]

- q 1-p/q
LT
We are ready to state the first result.

Theorem 1: The control input in (10) is sufficient to drive the
sliding surface s(t) and state 2:() to zero in finite time, provided
that \y > Aoy/band k(t) > | f(¢)]-

Proof. Based on [3], the following properties are observed

12)

1) |:c]13/q_1|x2 — ocaszy — 0,and 25 # 0;

2) |29 g # 0 for g # 0;

3) sgn(:r2|x’f/q_1|) = sgn(xq) for zo # 0;

4) Uma, 20y (0,0) 2] 912, = 0 along the surface s =
Ty + alzy [P/ 4sgn(x,) = 0;

5) theterm |x}1°/q71 |22 is singular on the xo-axis but the point
(0,0) is nonsingular.

Based on the properties above, consider the two sets

A= {(z1,22) [|h(21,22)| < 0}
B = {(x1,z2) [|h(z1,22)] > 0.}

In the sets A and B, the surface s = 0 always lies in the set A.
The intersection of the sets A and BB is only the point (x1, z2) =
(0,0), where lim 4, 4.y (0,0) zo|z1 |/ sgn(x1) = 0 along
the surface s = 0. Thus, along the surface s = 0, there is no

singularity.
Consider the set 53 and the Lyapunov function candidate
1
V == 552

and its time derivative along the trajectory in (5)
V=5 (M + b+ f + Aot/ m2)
Dividing 5 into two sets

B, = {(ml,xQ)HV — < o}

By = {(:E1,z2)}|V = 5> o}

Without loss of generality, let the state 2:(¢) enter B from .4. The
state x(¢) might enter By, but it cannot stay in there for long
since h(t) increases, and z(t) enters By since the magnitude
| M| cannot dominate h(t).

In the region where h(t) > 0 and h(t) € Ba, sliding mode
is violated and the hypersurface 3(¢) is no longer switching on
a constant. The control input sign W oscillates between —1 and
1 as z(t) € Ba, but it does not attach itself to a constant ¢
(see Lemma 1), therefore, the surface s(t) is not decaying and
55,55 > 0. By geometry and the system in (5), the trajectory of
x1(t) evolves over time with the following equality

t
0

Due to the fact that x2(¢) > 0 when h(t) > 0, equation (13)

shows that x4 () increases monotonically in a single direction

and leaves the set B, N (h(t) > 0) and enters A.

In the region where h(t) < 0 and h(t) € By, sliding mode
is also violated due to insufficient gain. The control input sign
oscillates £1, but ¥ does not attach itself to a constant ¢, and
55,55 > 0. Similarly, when z5(t) < 0and h(t) < 0,asin (13),
the state ;1 (¢) increases monotonically in a single direction until
it crosses the boundary between By and A, i.e z(t) enters .A.

Based on previous arguments, the state z(¢) will not stay
in the set B forever, instead it enters the set A in finite time.
Consequently, sliding mode occurs and 5(¢) reaches a constant
in finite time. This implies that s(¢) reaches zero in finite time
and maintain s = 0 afterward. m

To keep the state x(t) on the surface s(t) = 0, 23 =
—al|z1|P/9sgn(z1) from (6) and x5 = —0,(q/ (pa))|z1 | 7P/
from the set .A. Thus, the condition for choosing o, is given as

2(p/q)|z1 )P/ <oy < F AN+ E A+ Das

where the bounded constant f is given in Assumption 3, and
u(t) < Umaz € RT. When p/q is chosen as 1/2, the
inequality becomes o®(p/q) < o, < f+ A+ k + bumaz,
and the lowerbound is independent of 1 . Thus, o, can be tuned
according to a2,

B. Gain Adaptation

The presented control algorithm in the previous section is
designed for worst case scenario, where the minimal value of
the gain M (t) is larger than the upperbound on a(t) = h +
£+ Ao/™2 Since a(t) is time varying, the gain M (t) can
be decreased to reduce the chattering amplitude. Therefore, the
objective of this section it to design an adaptive gain kq (t) € R
that can be reduced to a value that is as close as possible to the
magnitude of a(¢) while maintaining the sliding motion.

The adaptive gain control structure is proposed as

u=—k (t)P. (14)

When the condition k1 (t) > |a(t)] holds, sliding mode occurs
on the surface s = { within some time interval, § = 0 and the
right hand side of (9) is replaced by the equivalent control

a(t)

ueq == b
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Setting equation (9) equal to zero and solving for the control
input, the equivalent control 1.4 can be rewritten as

a
b
The equivalent control u., usually cannot be implemented
because the disturbance f(¢) is unknown. Moreover, the equiv-
alent control describes the average effect of the high frequency
switching of the discontinuous controller in (14) on the system
(5). This average effect of u,, can be estimated through a low
pass filter with the high frequency term W. Details on the concept
of equivalent control and its implementation can be found in
[29]. The equivalent control ¥, can be estimated as

§=0:k ()T, = (15)

Ty=V —y

and the output y(t) yields the estimate of the equivalent control
.., whichisintherange (—1,1),and 7 > Oisasmall constant.

The gain k; (¢) has to satisfy the condition k1 (¢) > |a(t)/b]
for sliding mode to occur, and the amplitude of the control input
u(t) isdependentupon the gain k1 (¢). Since a(t) is time varying,
the objective is to decrease the chattering amplitude and allows
k1 (t) to approach a(t)/(b5), where 8 € (0, 1) and /3 is close to
1. The result is an adaptive algorithm that constantly tunes the
gain k1 (t) to approach as close as possible to the magnitude of
the time varying function a(t)/(b3) to mitigate the chattering
phenomenon.

Remark 1: With aknown lowerbound on f < | f(¢)

designo, + Ao/ < f.Whenz(t) € By, thatis when s >
0, we observe that z; (¢) increases monotonically in a single
direction and leaves the set B> and enters A. When z(t) € A,
using the fact that |f| — o, — )\Ut\”l/mz > 0, then |a(t)| >
a > 0 can be satisfied through properly chosen parameters
)\,O’Tl/mz,du.

Theorem 2: The gain adaption of k; (¢), designed as

fer = pkisgn(6) — n [k — kil +nlky =k,
= pkisgn(d) —ny + 1y

, We can

(16)

where 1), p, k1, k; € RY, the functions §(t) and [z]; are given
as

5:|\I’eq|_ﬂ 66(0,1)
S B
473 0 otherwise

and the constants 7 and p are designed with the lowerbounds

n>pki p>0,
allows the error term §(t)
_ _la(®)]
k(7 0

to reach zero in finite time in the presence of unknown control
direction and unmeasurable nonvanishing disturbance; thereby,
|b(t)k(t)| approaches a small vicinity of the magnitude of a(t)
that is sufficiently large to maintain sliding mode.

Proof. The bounds of the positive function k1 in (16), k1 (t) <
k1(t) < k1(t), are designed as

E‘l(t)Z)\l—FUH-i-f E1=>\1+Uu

where o, € R is a positive constant. The upperbound and
lowerbound of k1 (¢) is designed to be larger than )\01\"1/ "2 to
dominate the term Ac'2"*/ ™2 in (9). The bounds on the gain k; (t)
also include the term o, to ensure sufficiently high magnitude
to guarantee the occurrence of sliding mode. Based on the
lowerbound &, , the magnitude of k4 (¢) is already sufficient to
compensate for the term Ao/ ™2 and o in (11), therefore
the time derivative A(£) and d(Ao2""/™?) /d¢ are not taken into
account in the subsequent analysis. The only term remains that
needs adaptation is the disturbance f(t), therefore, the time
derivative of a(t) can be upperbounded as |a(t)| < A € Rt.

Consider the Lyapunov function candidate
1
V=262
2

Assume that the adaption process happens when k; (t) €
(k;.k1), which means that |a(t)| > Bk, and the terms 7, and
74 are zero. Taking the time derivative of V (¢) yields

. d(
V_(Sdt<k;1|b>

Expanding V(t) through chain rules gives the expression

Vs (asgn(a) a[b |a|k1>

k15| kib?  E3|b|

0 ) b a
- (amgn(a) ol 7 = o (pksen(6) =, + n2>>

1

- % (e‘mgn(a) ~Jol i = o psgn<6>>

9] b
<—14 — = 1)
< 2 A+ lal g lal senco)

In order to make the inequality in (18) negative definite, the
positive constant p is designed as

(18)

p=b"1t 4 |14

where A € Rt is designed to satisfy A> A anda < |a| < a.
It can be concluded that V'(¢) is negative definite

. 6] ( A >
V<———1|la|J:——-A
< Ul

< — 0] (19)
where s¢ > 0. The inequality in (19) can be rewritten as
V< —x(2V)'?
It follows that V' (t) goes to zero in finite time
2 1/2
ty = 21/2£Vb (20)
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where ¢ is the lowerbound of ¢ obtained as
A—

x=—

k1b

[

After the adaption process, d(t > t5) = 0, the gain k1 (t)
is given as k; = |a(t)/bS|. During the adaption process, if
la(t)| < Bk, then ky (t) decreases until it reaches k1 (t) = k.
Due to the nature of the time-varying function f(t), if |a(¢)]
increases then it can result in |a(t)| = Sk, . Similarly, for the
motionink(t) € [k;, k1) with the initial conditionof (¢ ;) = 0,
therelation k; = |a(t)/bj3|is also maintained. When k = k, the
control gain is large enough to dominate the disturbance f(¢),
sliding mode occurs and () = 0 is reached in finite time.

Consider the case where sliding mode has not occurred in the

set A and [V.,| = 1, the maximum time interval for k(t) to
increase from k; to k; is given by
ki —k
th = AL Q1)
Pk

Additionally, when sliding mode has not occurred, the minimum
amount of time that it takes W, to transition from £1 to F1 is

9
ts =

|3max|

where ) o -
grnax = bkl + Oy + A+ f

Clearly, in order to guarantee the existence of sliding mode, i.e.
to ensure that k1 (t) reaches k; from k; before ¥., changes in
sign, the constant ¢ is chosen to satisfy the inequality
ki —k €
1 %) <
pky

‘Smax|

When k1 (t) = kj, sliding mode is guaranteed.

Remark 2: Lett, € RT be the minimal time that interval
that b(t) switches in sign. It is clear from (20) and (21) that in
order for sliding mode to occur, from assumption 2, the time
inequality t; + t;, < t, must be satisfied; otherwise, the sign
of the unknown scalar of b(t) is switching too fast for sliding
mode to occur.

VI. SIMULATION

We present a simulation for a second order system in (5) to
demonstrate the robustness of the proposed control structure.
The parameters used in the simulations were chosen as

ki=.5 ki1 =10 a=1 A=1
e =40.2 p=".1 g=.9 my =3
mo =5 p=1 q=2 o, =.5

and o = 1. The control input direction b(¢) was given as
b = (|sin(t/40)| 4 .5)sgn(sin(t/50)

for completeness, but it was not used in the control input. The
nonvanishing disturbance f(z,t) was given as a sinusoidal
function of time

F(t) = sin(t/45) + 2.1

The initial conditions were given as
k(O) =3 T = 200 582(0) =-1

Figures 1-5 depict the position z1(¢), velocity x(t), surface
s(t), hypersurface 5(t), gain k1 (), control input u(t), and the
zoomed control input effort, respectively. In Figures 1-2, it can
beseenthat 5(¢) goestotwo constants for differenttimeintervals,
which causes the convergence of s(t) and the vector z(¢) to zero
in finite time. Around the 141% second, the sign of b(¢) changes,
which causes the hypersurface §(t) to move to the next attractive
manifold, consequently, s(¢) and 2(t) decayed to zero.

Figure 3 shows how the gain ||k (¢) adapts to the disturbance
a(t) through the equivalent control U, i.e k1(t) = |a/bp|,
defining the chattering amplitude. It shows that |b| k1 (¢) adapts
to the time-varying magnitude of a(t), allows sliding mode to
continue occur while lowering the chattering amplitude. From
Figure 3 - 5, it is easily seen that the gain k4 (¢) adapts to a
magnitudejustlarge enoughtocompensate fora(t) and maintain
sliding mode.

200 30
150 ‘\ 20 f\
100 | / 10 /\
- | o
x | X {
50 K / of p v
0 -10
-50 -20
0 100 200 30¢ 0 100 200 30
time (sec) time (sec)

(a) State x1(t) over time. (b) State z2(t) over time.

Fig. 1: State x(t) evolution over time.

40 60
| 40 [‘——
20
o @ 20 /
0 b
0
-20 -20
0 100 200 30C 0 100 200 30C
t (sec) t (sec)

(a) Surface s(t) over time.  (b) Hypersurface 3(¢) over time.

Fig. 2: Sliding surface evolution over time.

VII. CONCLUSION

In this paper, we present an adaptive terminal sliding mode
control for systems with unknown control direction. As opposed
to previous approach where the magnitude of the control input
is designed to be always larger than the upperbound of the
disturbance, we propose an active adaptation that minimizes
magnitude of the control gain to alleviate chattering. Moreover,
the system is finite time stable in the presence of nonvanishing
disturbance and uncertainty in the control direction. Simulation
results are provided to demonstrate the performance of the
developed control structure.
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Fig. 3: The gain k(t) compared with the disturbance a(t).
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